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ABSTRACT
Neutrino oscillation experiments under neutrino pair beam from circulating excited heavy ions are stud-
ied. It is found that detection of double weak events has a good sensitivity to measure CP violating parameter
and distinguish mass hierarchy patterns in short baseline experiments in which the earth-induced matter
effect is minimized.
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1 Introduction
As is pointed out in our previous paper [2], when excited ions with a high coherence are circulated, neutrino
pair emission rates become large with neutrino energies extending to the GeV region. Produced neutrino
beam is a coherent mixture of all pairs of neutrinos, νeν¯e , νµν¯µ , ντ ν¯τ . This gives a CP-even neutrino beam,
providing an ideal setting to test fundamental symmetries of particle physics [3], in particular, to measure
the CP violating (CPV) phase in the neutrino sector [4].
In the present work sequel to the previous one, we investigate observable quantities at detection sites
away from heavy ion synchrotron, including the location of the facility.
Our main physics objectives are
(1) CPV δ phase measurement (excluding the ones intrinsic to the Majorana neutrino),
(2) NH vs IH distinction.
We shall demonstrate that double neutrino detection is necessary to achieve these objectives. Fur-
thermore, in order to avoid possible contamination of earth-induced effects that mimic CPV parameter
dependence, it is wise to conduct oscillation experiments at a short baseline. Our results show that a
location within ∼ 50 km away from the synchrotron can do an excellent job.
The rest of this paper is organized as follows. In the second section we explain special features of
neutrino oscillation experiments under CP-even neutrino pair beam after a brief summary of neutrino pair
emission at synchrotron. The conclusion on experimental means is that one should measure double weak
events at detector for CPV parameter determination. The neutrino pair beam is found insensitive to CPV
phases intrinsic to the Majorana neutrino. In Section 3 we discuss short baseline experiments in which the
earth-induced matter effect is neglected. We demonstrate that both CP-even and CP-odd quantities can
provide a sensitive measurement of CPV parameter with high precision. Distinction of normal and inverted
hjerarchical mass patterns is shown to be possible in short baseline experiments of the pair beam. In Section
4 the earth matter effect is discussed and shown to give large influence on determination of CPV parameter.
Throughout this work we use the natural unit of ~ = c = 1.
2 Neutrino experiments under coherent pair beam
We consider measurements of neutrinos at a distance L under the coherent neutrino pair beam of all mixtures
of νaν¯a, a = e, µ, τ produced at a heavy ion synchrotron. It is important to calculate detection rates by
treating the whole event quantum mechanically, since produced neutrino pairs are not detected at the
synchrotron site.
We shall first recapitulate main features of the coherent neutrino pair beam proposed in our previous
paper [2]. The neutrino pairs are produced from excited heavy ions of a boost factor γ circulating in a ring
of radius ρ. Its production rates are enormous, given by
Γ2ν ∼ 3.1× 1021HzN |ρeg|
2
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ǫeg
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)11/2 , (1)
ignoring the ion spin factor of order unity. The ionic coherence ρeg between the excited and the ground
levels of spacing ǫeg is required to be substantial, and we assumed in this estimate a number 10
8 when it is
multiplied by the total available ion number N . Relation between the pair production amplitude Pb¯b(1, 2)
of a neutrino pair ν¯bνb , b = e, µ, τ with kinematical variables collectively denoted by 1,2 (angles measured
from the ion tangential direction), and its rate Rb¯b(1, 2) is [2]
Rb¯b(1, 2) = 2
|Pb¯b(1, 2)|2
T
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√
π
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T/2 typically of order 10 ps is the effective time of neutrino pair emission, which is more precisely a function
of neutrino energies and their emission angles. Vertical emission angles ψi, i = 1, 2 and the opening angle of
a pair, sin−1(cosψ1 cosψ2 cos(θ1 − θ2)), are both limited by the boost factor 1/γ. These angles are of order
100µradian 104/γ.
The probability amplitude of the entire process consists of three parts: the production, the propagation,
and the detection due to charged current (CC) interaction, each to be multiplied at the amplitude level.
Thus, one may write the amplitude for double neutrino quasi-elastic scattering (with J the nucleon weak
current) as
∑
b
(
GF√
2
)2ν¯aγα(1− γ5)laJαl¯cγβ(1− γ5)νc(Jβ)†〈a¯|e−iHL|b¯〉〈c|e−iHL|b〉Pb¯b(1, 2) , (4)
where H is the hamiltonian for propagation including earth-induced matter effect [5], [6], [7], which is in
the flavor basis
H = U


m21
2E 0 0
0
m2
2
2E 0
0 0
m2
3
2E

U † ∓√2GFne

 1 0 00 0 0
0 0 0

 , (5)
with U = (Uai), a = e, µ, τ, i = 1, 2, 3 the neutrino mixing matrix. The sign ∓ refers to neutrino (-) and
anti-neutrino (+).
Let V and V¯ are unitary 3 × 3 matrices that diagonalize the hamiltonian H for neutrino and H¯ for
anti-neutrino, including the earth matter effect. We shall denote three eigenvalues by λi for neutrinos, and
λ¯i for anti-neutrinos. The propagation amplitude is then
〈c|e−iHL|b〉 =
∑
i
V ∗ciVbie
−iλiL , 〈a¯|e−iHL|b¯〉 =
∑
i
V¯ ∗aiV¯bie
−iλ¯iL , (6)
∑
b
〈a¯|e−iHL|b¯〉〈c|e−iHL|b〉cb = 1
2
∑
ij
V ∗ciV¯
∗
ajξije(λ¯j , λi) , (cb) =
1
2
(1,−1,−1) , (7)
ξij = V¯ejVei − V¯µjVµi − V¯τjVτi , e(λ¯j , λi) = exp[−iL(λi + λ¯j)] . (8)
The factor cb arises from the production amplitude Pb¯b(1, 2). The precise relation between neutrino and
anti-neutrino eigenvalue problem is given by
λ¯(GF ) = λ(−GF ) , V¯ ∗ai(GF ) = Vai(−GF ) . (9)
An important question of the Majorana CPV phase (MP) dependence of the neutrino propagation
amplitude 〈a|e−iHL|b〉 and its anti-neutrino counterpart is worked out as follows, using the parametrization
[8]. First, the eigenvalue equation det(λ − H) = 0, when explicitly written out, indicates that λi, λ¯i are
independent of MP, α, β. Define MP-independent mixing matrix by U˜ = UP † , P = (1, eiα, eiβ). The
hamiltonian in the mass eigen-state basis U †HU has a simple MP phase dependence P †H˜P , H˜ being MP-
independent. Diagonalization of H˜ can be done, H˜ = V˜ †HDV˜ by MP-independent matrix V˜ . The unitary
matrix V for H diagonalization is then MP-independent, since V = V˜ PU † = V˜ PP †U˜ † = V˜ U˜ †. This proves
that 〈a|e−iHL|b〉 is MP-independent.
More general formulas relating these to re-phasing invariant quantities are given in [7].
We now discuss prospects of single neutrino events in which one of pair neutrinos go undetected. The
rate of neutrino νc undetected (and ν¯µ detected) contains the squared propagation factor,∑
c
|
∑
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∗
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∑
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∗
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∗
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=
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∗
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ξijξ
∗
il =
∑
jl
V¯µj V¯
∗
µle(λ¯j , λi)e
∗(λ¯l, λi)δjl = 1 , (10)
since e(λ¯j , λi)e
∗(λ¯l, λi) is i−independent. This result relies on the unitarity of mixing matrices alone.
A conclusion drawn from this is that when only one of neutrinos in the pair is detected and its partners
are undetected, oscillation patterns disappear, hence there is no way to measure CPV parameter.
We thus consider double events in what follows. The single event may be used to monitor the coherence
ρeg which might be otherwise not easy to measure.
3 Neutrino interaction away from synchrotron: short baseline experi-
ments
An important question that arises in the coherent neutrino pair beam is whether the coherence of two
neutrino of the pair present at the production site is maintained or not. The degree of phase de-coherence
increases with travel distance of the neutrino pair. The most important de-coherence interaction is forward
scattering caused by atomic electrons [5] when the neutrino passes through the earth. This introduces a
phase of order,
√
2GFneL ∼ 1× ne
1.4× 6× 1023cm−3
L
1860km
, (11)
(for the simple earth-model made of pure SiO2 of mass density 2.8 g cm
−3) and its fluctuating component
destroys the phase coherence necessary to apply the idea of the coherent pair beam. Thus, we may divide
the nature of the pair beam into coherent and incoherent regimes, its boundary being roughly estimated at
of order 2000 km.
Double event detection probability of quasi-elastic scattering (QES) producing two charged leptons µ+
and c(= e, µ) is determined from the product of three factors,
|
∑
ij
V ∗ciV¯
∗
µjξije(λ¯j , λi)|2
d4Γ
dE1dE2dΩ1dΩ2
d2σ
dE+d sinψ+
d2σ
dE−d sinψ−
. (12)
∓ corresponds to neutrino (νc) and anti-neutrino (ν¯µ) events. One can assume for parent neutrino pairs
that i = 1 for ν¯a, a = µ and i = 2 for νc.
The probability of double detection is roughly estimated as follows. First, the detection probability of
a single neutrino event is estimated by the factor σnN l where nN is the nucleon number density and l is
the detector’s size along the neutrino beam. The cross section is of order 10−39 ∼ 10−38cm2 for a 1 GeV
neutrino, which gives σnN l ∼ 10−11 ∼ 10−10 for a single detection of weak process with ∼100 m detector
size. The double detection probability is then, with a perfect acceptance, 10−22 ∼ 10−21 for a 100 kt class
of detectors, which gives the double rate of order 10 ∼ 100 mHz, using the formula (1). This rate is not too
small. Actual experimental design, which we do not discuss in this paper, must take into account detailed
rate calculation including detector geometry, location etc. as well as possible backgrounds.
In this section we shall consider short baseline oscillation experiments ignoring earth-induced matter
effects, hence the propagation factors of eq.(12) becomes
Pa¯c = |
∑
ij
U∗ciUajξije
−iL(m2j/E1+m
2
i /E2)|2 , ξij = UeiU∗ej − UµiU∗µj − UτiU∗τj . (13)
Striking unique feature of this formula for Pa¯c is that phase modulations caused by oscillation effects emerge
at relatively short distances of measurement sites, because the oscillation phase given by L(m2j/E1+m
2
i /E2)
in eq.(13) contains two terms of L/Ei, i = 1, 2 with two neutrino energies Ei constrained only by E1+E2 ≤
Em, Em = 2ǫegγ. When E2 ≪ E1, even a large E1 case has contribution of large phases from larger values
of L/E2.
Interesting oscillation patterns begin to appear already at distance 10 km away, essentially at the syn-
chrotron site. CPV parameter can be determined by measurements of both CP-even and CP-odd quantities.
4
A typical CP-odd quantity, CPV asymmetry for the rate difference of ν¯aνc and ν¯cνa events, is defined by
the ratio of rate difference to the rate sum;
A(δ) =
dΓ(δ : GF )− dΓ(−δ : −GF )
dΓ(δ : GF ) + dΓ(−δ : −GF ) . (14)
The change GF → −GF is necessary when the earth matter effect is included in the next section.
Computed oscillation patterns given by Pµ+e− and asymmetries calculated from this quantity are il-
lustrated in Fig(1) ∼ Fig(4). For these figures we assume the normal hierarchical (NH) mass pattern of
the vanishing smallest neutrino mass, using oscillation parameters as given in [8]. In these computations
reaction cross sections are not multiplied, and we did cut off the lowest neutrino energies at much larger
than me and mµ to ignore threshold effects of charged current (CC) interactions.
These results indicate expected behaviors of oscillation patterns and CPV asymmetry in short baseline
experiments limited to distances shorter than ∼ 100 km:
(1) CPV asymmetry is large and of order unity near the synchrotron site, while CP-even rates of ν¯µνe+
ν¯eνµ becomes larger further away from the site.
(2) ν¯µνe double events, in particular their asymmetric events of Eµ ≫ Ee, have larger CPV asymmetry
than ν¯µνµ events.
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Oscillation and CPV asymmetry
Figure 1: Oscillation pattern given by Pµ¯e of eq.(13) (in solid black) and asymmetry (in dashed red) at
various distances for ν¯µνe CC double events. δ = π/4, Eν¯µ = 500MeV, Eνe = 5MeV.
Finally, we show differences of normal hierarchical mass pattern (NH) and inverted hierarchical pattern
(IH) in Fig(5). There is no problem of distinction between these two cases in short baseline experiments of
neutrino pair beam.
Requirement for an effective detector to measure these quantities is a good separation of µ± charges,
and a good position detection of e± showers.
4 Comparison with long baseline experiments
It is well known that the earth matter effect fakes CPV measurement, and we shall examine this issue in
experiments under the coherent neutrino pair beam. In our analysis we use correction to mass eigenvalues
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Figure 2: Asymmetry at various distances for ν¯µνe CC double events. δ = π/4, Eν¯µ = 500MeV and
Eνe = 5MeV in solid black, 50 MeV in dashed red, and 500 MeV in dash-dotted blue (much smaller than
the other two cases). NH of smallest mass zero is assumed.
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Figure 3: Asymmetry vs electron neutrino energy for ν¯µνe CC double events. Eν¯µ = 500MeV and δ = π/6
in solid black, π/4 in dashed red, and π/2 in dash-dotted blue. NH of smallest mass zero is assumed.
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Figure 4: Asymmetry vs CPV δ for ν¯µνe CC double events. Eν¯µ = 500MeV, Eνe = 5MeV at 10 km away in
solid black, 50km in dashed red, and 100km in dash-dotted blue. NH of smallest mass zero is assumed.
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Figure 5: NH vs IH distinction at 10 km away from the synchrotron, given by asymmetric energy combina-
tions: Pµ¯e is plotted for Eν¯µ = 500, 200MeV, fixed and variable Eνe . NH in blacks, 500 MeV in solid and 200
MeV in dotted lines, and IH in colored, 500MeV, in dashed red and 200 MeV in dash-dotted blue. δ = 0.
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and eigen-vectors due to earth matter effect:
λ1 ∼ m
2
1
2E
−
√
2GFne|Ue1|2 , λ2 ∼ m
2
2
2E
−
√
2GFne|Ue2|2 , λ3 ∼ m
2
3
2E
−
√
2GFne|Ue3|2 , (15)
〈λ1|a〉 ∼
(
Ua1 + 2
√
2GFneEUe1(
Ua2U
∗
e2
δm221
+
Ua3U
∗
e3
δm231
)
)
, (16)
〈λ2|a〉 ∼
(
Ua2 + 2
√
2GFneEUe2(
Ua1U
∗
e1
δm212
+
Ua3U
∗
e3
δm232
)
)
, (17)
〈λ3|a〉 ∼
(
Ua3 + 2
√
2GFneEUe3(
Ua1U
∗
e1
δm213
+
Ua2U
∗
e2
δm223
)
)
. (18)
Note the trivial relation δm2ij = −δm2ji.
Result of numerical computations is illustrated in Fig(6), which indicates a great sensitivity of coherent
pair beam experiments to the earth matter effect. One might say that the matter effect contaminates CPV
effects, and it would be wise to conduct oscillation experiments in detectors placed on earth. In order to
avoid the flux reduction caused by emission angles away from the beam tangential, a useful site distance is
limited to order 50 km.
The great sensitivity to the earth matter density of oscillation patterns is an obstacle against a clean
measurement of CPV parameter, but it might open a possibility of devising a method of earth tomography
by means of the coherent neutrino pair beam, which we hope to discuss in future.
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Oscillation with and without matter effect
Figure 6: Effects of earth matter on oscillation patterns given by Pµ¯e. Oscillation without matter effect in
solid black, with matter effect of earth-model made of pure SiO2 in dashed red, and its electron number
density 20% made larger in dash-dotted blue. δ = π/4 and energy combination (Eν¯µ , Eνe) = (500 MeV,
50MeV) for µ¯e events.
In summary, we showed that coherent neutrino pair beam can provide an excellent chance of measuring
CPV parameter and distinction of the mass hierarchical patterns if double weak events are detected.
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(Uai) =

 1 0 00 c23 s23
0 −s23 c23



 c13 0 s13e
−iδ
0 1 0
−s13eiδ 0 c13



 c12 s12 0−s12 c12 0
0 0 1

P ,
P =

 1 0 00 eiα 0
0 0 eiβ

 , a = e, µ, τ , i = 1, 2, 3 ,
where sij = sin θij and cij = cos θij.
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